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Abstract
For K a field of characteristic 0 and d any integer number ≥ 2, we prove the
invertibility of polynomial maps F : Kd → Kd of the form F = Id+H, where each
Hi is the cube of a linear form and the Jacobian matrix JH satisfies (JH)
3 = 0.
Our proof uses the inversion algorithm for polynomial maps presented in our
previous paper. Our current result leads us to formulate a conjecture relating the
nilpotency degree of the matrix JH with the number of necessary steps in the
inversion algorithm.
Keywords: Polynomial automorphism, Jacobian Problem, inversion algorithm.
MSC2010: 14R15, 14R10.
1 Introduction
The Jacobian Conjecture originated in the question raised by Keller in [6] on the in-
vertibility of polynomial maps with Jacobian determinant equal to 1. The question is
still open in spite of the efforts of many mathematicians. We recall in the sequel the
precise statement of the Jacobian Conjecture, some reduction theorems and other re-
sults we shall use. We refer to [5] for a detailed account of the research on the Jacobian
Conjecture and related topics.
Let K be a field and K[X ] = K[X1, . . . , Xd] the polynomial ring in the variables
X1, . . . , Xd over K. A polynomial map is a map F = (F1, . . . , Fd) : K
d → Kd of the
form
(X1, . . . , Xd) 7→ (F1(X1, . . . , Xd), . . . , Fd(X1, . . . , Xd)),
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where Fi ∈ K[X ], 1 ≤ i ≤ d. The polynomial map F is invertible if there exists a
polynomial map G = (G1, . . . , Gd) : K
d → Kd such that Xi = Gi(F1, . . . , Fd), 1 ≤ i ≤ d.
We shall call F a Keller map if the Jacobian matrix
JF =
(
∂Fi
∂Xj
)
1≤i≤d
1≤j≤d
has determinant equal to 1. Clearly an invertible polynomial map F has a Jacobian
matrix JF with non zero determinant and may be transformed into a Keller map by
composition with the linear automorphism with matrix JF (0)−1.
Jacobian Conjecture. Let K be a field of characteristic zero. A Keller map F : Kd →
Kd is invertible.
In the sequel, K will always denote a field of characteristic zero.
For F = (F1, . . . , Fd) ∈ K[X ]
d, we define the degree of F as degF = max{degFi :
1 ≤ i ≤ d}. It is known that if F is a polynomial automorphism, then degF−1 ≤
(degF )d−1 (see [2] or [7]).
The Jacobian conjecture for quadratic maps was proved by Wang in [8]. We state
now the reduction of the Jacobian conjecture to the case of maps of third degree (see
[2], [9], [3] and [4]).
Proposition 1. a) (Bass-Connell-Wright-Yagzhev) Given a Keller map F : Cd → Cd,
there exists a Keller map F˜ : CD → CD, D ≥ d of the form F˜ = Id+H, where H(X)
is a homogeneous cubic map and having the following property: if F˜ is invertible, then
F is invertible too.
b) (Druz˙kowski) The cubic part H may be chosen of the form(
(
D∑
j=1
a1jXj)
3, . . . , (
D∑
j=1
aDjXj)
3
)
and with the matrix A = (aij)1≤i≤D
1≤j≤D
satisfying A2 = 0.
Let us note that for a polynomial map in d variables of the form F = Id + H ,
with H homogeneous of degree at least two, the condition det(JF ) = 1 is equivalent
to (JH)d = 0. Given a polynomial map F : Cd → Cd, we shall call a polynomial
P ∈ C[X1, . . . , Xd] invariant under F if P (F1, . . . , Fd) = P (X1 . . . , Xd). A polynomial
map F : Cd → Cd of the form F = Id+H is called a quasi-translation if F−1 = Id−H .
In [1] we proved the following algorithmic equivalent statement to the Jacobian
conjecture for homogeneous polynomial maps. Although it is there stated in the complex
case, it is clearly valid for any field K of characteristic 0.
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Theorem 2. Let F : Kd → Kd be a polynomial map of the form
F1(X1, . . . , Xd) = X1 +H1(X1, . . . , Xd)
F2(X1, . . . , Xd) = X2 +H2(X1, . . . , Xd)
...
Fd(X1, . . . , Xd) = Xd +Hd(X1, . . . , Xd),
whereHi(X1, . . . , Xd) is a homogeneous polynomial in X1, . . . , Xd, of degree 3, 1 ≤ i ≤ d.
For each i = 1, . . . , d, we consider the polynomial sequence (P ij ) defined in the following
way
P i0(X1, . . . , Xd) = Xi,
P i1(X1, . . . , Xd) = Hi,
and, assuming P ij−1 is defined,
P ij (X1, . . . , Xd) = P
i
j−1(F1, . . . , Fd)− P
i
j−1(X1, . . . , Xd).
Then F is invertible if and only if for all i = 1, . . . , d, there exists an integer mi such
that P imi = 0. In this case, the inverse map G of F is given by
Gi(Y1, Y2, . . . , Yd) =
mi−1∑
l=0
(−1)lP il (Y1, Y2, . . . , Yd), 1 ≤ i ≤ d.
In this paper we shall use this theorem to prove that a polynomial map of the
Druz˙kowski form such that the Jacobian matrix of H is nilpotent of degree at most 3 is
invertible.
2 Main result
We shall prove the following theorem
Theorem 3. Let F : Kd → Kd be a polynomial map of the form
F1(X1, . . . , Xd) = X1 +H1(X1, . . . , Xd)
F2(X1, . . . , Xd) = X2 +H2(X1, . . . , Xd)
...
Fd(X1, . . . , Xd) = Xd +Hd(X1, . . . , Xd),
where Hi(X1, . . . , Xd) = Li(X1, . . . , Xd)
3 and Li(X1, . . . , Xd) = ai1X1 + · · · + aidXd,
1 ≤ i ≤ d. We consider the jacobian matrix JH of H := (H1, . . . , Hd)
JH =

∂H1
∂X1
. . .
∂H1
∂Xd
...
∂Hd
∂X1
. . .
∂Hd
∂Xd
 .
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If (JH)3 = 0, then F is invertible and degF−1 ≤ 9.
The theorem follows from Theorem 2 and the Proposition 4 below.
Proposition 4. Let F be as in Theorem 3 and let the polynomials P ij be defined as in
Theorem 2. If (JH)3 = 0, then ∀i = 1, . . . , d, degP ij ≤ 9, for j = 2, 3, 4, andP
i
5 = 0.
Proof of Theorem 3 assuming Proposition 4. If (JH)3 = 0, we have P i5 = 0, for all i,
by Proposition 4 and this implies, by Theorem 2, that F is invertible and the inverse
map G of F is given by Gi(Y1, Y2, . . . , Yd) = Yi−P
i
1(Y1, Y2, . . . , Yd)+P
i
2(Y1, Y2, . . . , Yd)−
P i3(Y1, Y2, . . . , Yd)+P
i
4(Y1, Y2, . . . , Yd). By the bound on the degrees given by Proposition
4, we obtain degF−1 ≤ 9.
Proof of Proposition 4. This proof is purely computational. We shall use the expression
of the polynomials P ij as a sum of homogeneous polynomials obtained in [1], proof of
Theorem 4. From the condition (JH)3 = 0, we shall derive some equations which will
allow to prove the vanishing of some homogeneous summands of the polynomials P ij .
Since (JH)3 = 0, we have
d∑
j,k=1
∂Hi
∂Xj
∂Hj
∂Xk
∂Hk
∂Xl
= 0, ∀ i, l = 1, . . . , d.
i.e.
d∑
j,k=1
(3L2iaij)(3L
2
jajk)(3L
2
kakl) = 27L
2
i (
d∑
j,k=1
aijL
2
jajkL
2
kakl) = 0, ∀ i, l = 1, . . . , d.
which implies
d∑
j,k=1
aijajkaklL
2
jL
2
k = 0, ∀ i, l = 1, . . . , d, (1)
since Li = 0 implies aij = 0, for all j, hence (1). Applying
∂
∂Xm
, we obtain
d∑
j,k=1
aijajkakl(ajmLjL
2
k + akmL
2
jLk) = 0, ∀ i, l,m = 1, . . . , d. (2)
Further, from (1), we obtain
d∑
j,k=1
aijajkL
2
jL
3
k = 0, ∀ i = 1, . . . , d (3)
since
∑d
j,k=1 aijajkL
2
jL
3
k =
∑d
j,k=1 aijajkL
2
jL
2
k(
∑d
l=1 aklXl) =
∑d
l=1(
∑d
j,k=1 aijajkaklL
2
jL
2
k)Xl.
Now, from (2), we obtain similarly
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d∑
j,k=1
aijajk(ajmLjL
3
k + akmL
2
jL
2
k) = 0, ∀ i,m = 1, . . . , d
and, using (1)
d∑
j,k=1
aijajkajmLjL
3
k = 0, ∀ i,m = 1, . . . , d (4)
Applying ∂/∂Xn to (4), we obtain
d∑
j,k=1
aijajkajm(ajnL
3
k + 3aknLjL
2
k) = 0
i.e.
d∑
j,k=1
aijajkajmajnL
3
k = −3
d∑
j,k=1
aijajkajmaknLjL
2
k (5)
We shall use equations (3), (4) and (5) repeatedly to prove the vanishing of some
homogeneous summands of the polynomials P i2, P
i
3, P
i
4 and the vanishing of P
i
5. Since
the calculations are very similar we will detail them only the first time we apply each of
these equations.
We have
P i2 = Hi(F )−Hi(X) = Hi(X +H)−Hi(X) = Q
i
21 +Q
i
22 +Q
i
23
where
Qi21 =
∑d
j=1Hj
∂Hi
∂Xj
= 3L2i
∑d
j=1 aijL
3
j
Qi22 =
1
2
∑
1≤j,k≤dHjHk
∂2Hi
∂Xj∂Xk
= 3Li
∑
1≤j,k≤d aijaikL
3
jL
3
k
Qi23 =
1
6
∑
1≤j,k,l≤dHjHkHl
∂3Hi
∂Xj∂Xk∂Xl
=
∑
1≤j,k,l≤d aijaikailL
3
jL
3
kL
3
l ,
hence, in particular deg P i2 ≤ 9.
In order to determine P i3, we need to compute the derivatives of Q
i
21, Q
i
22 and Q
i
23.
We compute first the derivatives of Qi21.
∂Qi21
∂Xk
= 6aikLi
∑d
j=1 aijL
3
j + 9L
2
i
∑d
j=1 aijajkL
2
j
∂2Qi21
∂Xk∂Xl
= 6aikail
∑d
j=1 aijL
3
j + 18Liaik
∑d
j=1 aijajlL
2
j
+18Liail
∑d
j=1 aijajkL
2
j + 18L
2
i
∑d
j=1 aijajkajlLj
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The derivative ∂3Qi21/∂Xk∂Xl∂Xm is a sum of terms of one of the following forms
18aikail
d∑
j=1
aijajmL
2
j , 36Liaik
d∑
j=1
aijajlajmLj ,
up to a permutation of the set {k, l,m}, and the summand 18L2i
∑d
j=1 aijajkajlajm. The
derivative ∂4Qi21/∂Xk∂Xl∂Xm∂Xn is a sum of terms of one of the following forms
36aikail
d∑
j=1
aijajmajnLj , 36Liaik
d∑
j=1
aijajlajmajn,
up to a permutation of the set {k, l,m, n}. The derivative ∂5Qi21/∂Xk∂Xl∂Xm∂Xn∂Xp
is a sum of terms of the form
36aikail
d∑
j=1
aijajmajnajp
up to a permutation of the set {k, l,m, n, p}.
We compute now the derivatives of Qi22.
∂Qi22
∂Xl
= 3ail
∑
1≤j,k≤d aijaikL
3
jL
3
k + 9Li
∑
1≤j,k≤d aijaikajlL
2
jL
3
k
+9Li
∑
1≤j,k≤d aijaikaklL
3
jL
2
k
The derivative ∂2Qi22/∂Xl∂Xm is a sum of terms of one of the following forms
9ail
∑
1≤j,k≤d aijaikajmL
2
jL
3
k, 18Li
∑
1≤j,k≤d aijaikajlajmLjL
3
k
27Li
∑
1≤j,k≤d aijaikajlakmL
2
jL
2
k,
up to switching l with m, and j with k. The derivative ∂3Qi22/∂Xl∂Xm∂Xn is a sum of
terms of one of the following forms
18ail
∑
1≤j,k≤d aijaikajmajnLjL
3
k, 27ail
∑
1≤j,k≤d aijaikajmaknL
2
jL
2
k,
18Li
∑
1≤j,k≤d ajnaijaikajlajmL
3
k, 54Li
∑
1≤j,k≤d aijaikajlajmaknLjL
2
k,
up to a permutation of the set {l, m, n} and a switch of j with k. The derivative
∂4Qi22/∂Xl∂Xm∂Xn∂Xp is a sum of terms of one of the following forms
18ail
∑
1≤j,k≤d aijaikajmajnajpL
3
k, 54ail
∑
1≤j,k≤d aijaikajmajnakpLjL
2
k,
54Li
∑
1≤j,k≤d aijaikajlajmajnakpL
2
k, 108Li
∑
1≤j,k≤d aijaikajlajmaknakpLjLk,
up to a permutation of the set {l, m, n, p} and a switch of j with k. The derivative
∂5Qi22/∂Xl∂Xm∂Xn∂Xp∂Xq is a sum of terms of one of the following forms
54ail
∑
1≤j,k≤d aijaikajmajnajpakqL
2
k, 108ail
∑
1≤j,k≤d aijaikajmajnakpakqLjLk,
108Li
∑
1≤j,k≤d aijaikajlajmajnakpakqLk,
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up to a permutation of the set {l, m, n, p, q} and a switch of j with k. The derivative
∂6Qi22/∂Xl∂Xm∂Xn∂Xp∂Xq∂Xr is a sum of terms of one of the following forms
108ail
∑
1≤j,k≤d
aijaikajmajnajpakqakrLk, 108Li
∑
1≤j,k≤d
aijaikajlajmajnakpakqakr,
up to a permutation of the set {l, m, n, p, q, r} and a switch of j with k. The derivative
∂7Qi22/∂Xl∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs is a sum of terms of the form
108ail
∑
1≤j,k≤d
aijaikajmajnajpakqakraks,
up to a permutation of the set {l, m, n, p, q, r, s} and a switch of j with k.
Finally we compute the derivatives of Qi23.
∂Qi23
∂Xm
= 3
∑
j,k,l
aijaikailajmL
2
jL
3
kL
3
l + 3
∑
j,k,l
aijaikailakmL
3
jL
2
kL
3
l + 3
∑
j,k,l
aijaikailalmL
3
jL
3
kL
2
l .
The derivative ∂2Qi23/∂Xm∂Xn is a sum of terms of one of the following forms
6
∑
j,k,l
aijaikailajmajnLjL
3
kL
3
l , 9
∑
j,k,l
aijaikailajmaknL
2
jL
2
kL
3
l
up to a permutation of the set {m,n} and a permutation of the set {i, j, k}. The
derivative ∂3Qi23/∂Xm∂Xn∂Xp is a sum of terms of one of the following forms
6
∑
j,k,l aijaikailajmajnajpL
3
kL
3
l , 18
∑
j,k,l aijaikailajmajnakpLjL
2
kL
3
l
27
∑
j,k,l aijaikailajmaknalpL
2
jL
2
kL
2
l ,
up to a permutation of the set {m,n, p} and a permutation of the set {i, j, k}. The
derivative ∂4Qi23/∂Xm∂Xn∂Xp∂Xq is a sum of terms of one of the following forms
18
∑
j,k,l aijaikailajmajnajpakqL
2
kL
3
l , 36
∑
j,k,l aijaikailajmajnakpakqLjLkL
3
l
54
∑
j,k,l aijaikailajmajnakpalqLjL
2
kL
2
l ,
up to a permutation of the set {m,n, p, q} and a permutation of the set {i, j, k}. The
derivative ∂5Qi23/∂Xm∂Xn∂Xp∂Xq∂Xr is a sum of terms of one of the following forms
36
∑
j,k,l aijaikailajmajnajpakqakrLkL
3
l , 54
∑
j,k,l aijaikailajmajnajpakqalrL
2
kL
2
l
108
∑
j,k,l aijaikailajmajnakpakqalrLjLkL
2
l ,
up to a permutation of the set {m,n, p, q, r} and a permutation of the set {i, j, k}. The
derivative ∂6Qi23/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs is a sum of terms of one of the following
forms
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36
∑
j,k,l aijaikailajmajnajpakqakraksL
3
l , 108
∑
j,k,l aijaikailajmajnajpakqalraksLkL
2
l
216
∑
j,k,l aijaikailajmajnakpakqalralsLjLkLl,
up to a permutation of the set {m,n, p, q, r, s} and a permutation of the set {i, j, k}. The
derivative ∂7Qi23/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt is a sum of terms of one of the following
forms
108
∑
j,k,l
aijaikailajmajnajpakqakraksaltL
2
l , 216
∑
j,k,l
aijaikailajmajnajpakqalraksaltLkLl
up to a permutation of the set {m,n, p, q, r, s, t} and a permutation of the set {i, j, k}.
The derivative ∂8Qi23/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu is a sum of terms of the follow-
ing form
216
∑
j,k,l
aijaikailajmajnajpakqakraksaltaluLl
up to a permutation of the set {m,n, p, q, r, s, t, u} and a permutation of the set {i, j, k}.
The derivative ∂9Qi23/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu∂Xv is a sum of terms of the
following form
216
∑
j,k,l
aijaikailajmajnajpakqakraksaltalualv
up to a permutation of the set {m,n, p, q, r, s, t, u, v} and a permutation of the set
{i, j, k}.
We write P i3 =
∑11
k=1Q
i
3k, with Q
i
3k homogeneous of degree 5 + 2k (see [1] proof of
Theorem 4). We have, using (3),
Qi31 =
∑d
k=1
∂Qi21
∂Xk
Hk = 6Li
∑d
j,k=1 aikaijL
3
jL
3
k + 9L
2
i
∑d
j,k=1 aijajkL
2
jL
3
k
= 6Li
∑d
j,k=1 aijaikL
3
jL
3
k.
Using (3) and (4), we obtain
Qi32 =
1
2
∑
k,l
∂2Qi21
∂Xk∂Xl
HkHl +
∑
l
∂Qi22
∂Xl
Hl = 6
∑
j,k,l
aijaikailL
3
jL
3
kL
3
l ,
since
∑
j,k,l aijaikajlL
2
jL
3
kL
3
l =
∑
k aikL
3
k(
∑
j,l aijajlL
2
jL
3
l )
(3)
= 0∑
j,k,l aijajkailL
2
jL
3
kL
3
l =
∑
l ailL
3
l (
∑
j,k aijajkL
2
jL
3
k)
(3)
= 0∑
j,k,l aijajkajlLjL
3
kL
3
l =
∑
l L
3
l (
∑
j,k aijajkajlLjL
3
k)
(4)
= 0∑
j,k,l aijaikaklL
3
jL
2
kL
3
l =
∑
j aijL
3
j (
∑
k,l aikaklL
2
kL
3
l )
(3)
= 0
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Using again (3) and (4), we obtain
Qi33 =
1
6
∑
k,l,m
∂3Qi21
∂Xk∂Xl∂Xm
HkHlHm +
1
2
∑
l,m
∂2Qi22
∂Xl∂Xm
HlHm +
∑
m
∂Qi23
∂Xm
Hm
= 0.
We have now, using (3), (4) and (5),
Qi34 =
1
4!
∑
k,l,m,n
∂4Qi21
∂Xk∂Xl∂Xm∂Xn
HkHlHmHn +
1
3!
∑
l,m,n
∂3Qi22
∂Xl∂Xm∂Xn
HlHmHn
+
1
2
∑
m,n
∂2Qi23
∂Xm∂Xn
HmHn = 0.
We detail the use of (5):
∑
j,k,l,m,n aijaikajlajmajnL
3
kL
3
lL
3
mL
3
n =
∑
k,m,n aikL
3
kL
3
mL
3
n(
∑
j,l aijajlajmajnL
3
l )
(5)
= −3
∑
k,m,n aikL
3
kL
3
mL
3
n(
∑
j,l aijajlajmalnLjL
2
l )
= −3
∑
k,l,n aikajlL
3
kL
2
lL
3
n(
∑
j,m aijajlajmLjL
3
m)
(4)
= 0
Similarly, using again (3), (4) and (5),
Qi35 =
1
5!
∑
k,l,m,n,p
∂5Qi21
∂Xk∂Xl∂Xm∂Xn∂Xp
HkHlHmHnHp
+
1
4!
∑
l,m,n,p
∂4Qi22
∂Xl∂Xm∂Xn∂Xp
HlHmHnHp
+
1
3!
∑
m,n,p
∂3Qi23
∂Xm∂Xn∂Xp
HmHnHp = 0
Qi36 =
1
5!
∑
l,m,n,p,q
∂5Qi22
∂Xl∂Xm∂Xn∂Xp∂Xq
HlHmHnHpHq
+
1
4!
∑
m,n,p,q
∂4Qi23
∂Xm∂Xn∂Xp∂Xq
HmHnHpHq = 0
Qi37 =
1
6!
∑
l,m,n,p,q,r
∂6Qi22
∂Xl∂Xm∂Xn∂Xp∂Xq∂Xr
HlHmHnHpHqHr
+
1
5!
∑
m,n,p,q,r
∂5Qi23
∂Xm∂Xn∂Xp∂Xq∂Xr
HmHnHpHqHr = 0
Qi38 =
1
7!
∑
l,m,n,p,q,r,s
∂7Qi22
∂Xl∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs
HlHmHnHpHqHrHs
+
1
6!
∑
m,n,p,q,r,s
∂6Qi23
∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs
HmHnHpHqHrHs = 0
9
Using (3) and (4),
Qi39 =
1
7!
∑
m,n,p,q,r,s,t
∂7Qi23
∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt
HmHnHpHqHrHsHt = 0
Using (4),
Qi3,10 =
1
8!
∑
m,n,p,q,r,s,t,u
∂8Qi23
∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu
HmHnHpHqHrHsHtHu = 0
And using (4) and (5),
Qi3,11 =
1
9!
∑
m,n,p,q,r,s,t,u,v
∂9Qi23
∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu∂Xv
HmHnHpHqHrHsHtHuHv = 0
We have then obtained
P i3 = Q
i
31 +Q
i
32
= 6Li
∑d
j,k=1 aijaikL
3
jL
3
k +
∑d
j,k,l=1 6aijaikailL
3
jL
3
kL
3
l .
In particular, deg P i3 ≤ 9. The expression obtained for P
i
3 gives
P i4 =
10∑
j=1
Qi4j with degQ
i
4j = 2j + 7.
In order to determine P i4 we need to compute the derivatives of Q
i
31 and Q
i
32. We
compute first the derivatives of Qi31.
∂Qi31
∂Xl
=
d∑
j,k=1
(6aijaikailL
3
jL
3
k + 18aijaikajlLiL
2
jL
3
k + 18aijaikaklLiL
3
jL
2
k)
∂2Qi31
∂Xl∂Xm
=
∑d
j,k=1(18aijaikailajmL
2
jL
3
k + 18aijaikailakmL
3
jL
2
k + 18aijaikajlaimL
2
jL
3
k
+36aijaikajlajmLiLjL
3
k + 54aijaikajlakmLiL
2
jL
2
k + 18aijaikaklaimL
3
jL
2
k
+54aijaikaklajmLiL
2
jL
2
k + 36aijaikaklakmLiL
3
jLk).
The derivative ∂3Qi31/∂Xl∂Xm∂Xn is a sum of terms of one of the following forms
36
∑d
j,k=1 aijaikailajmajnLjL
3
k, 54
∑d
j,k=1 aijaikailajmaknL
2
jL
2
k
36
∑d
j,k=1 aijaikajlajmajnLiL
3
k, 108
∑d
j,k=1 aijaikajlajmaknLiLjL
2
k,
up to a swift of j with k and a permutation of the set {l, m, n}. The derivative
∂4Qi31/∂Xl∂Xm∂Xn∂Xp is a sum of terms of one of the following forms
10
36
∑d
j,k=1 aijaikailajmajnajpL
3
k, 108
∑d
j,k=1 aijaikailajmajnakpLjL
2
k
108
∑d
j,k=1 aijaikajlajmajnakpLiL
2
k, 216
∑d
j,k=1 aijaikajlajmaknakpLiLjLk,
up to a swift of j with k and a permutation of the set {l, m, n, p}. The derivative
∂5Qi31/∂Xl∂Xm∂Xn∂Xp∂Xq is a sum of terms of one of the following forms
108
∑d
j,k=1 aijaikailajmajnajpakqL
2
k, 216
∑d
j,k=1 aijaikailajmajnakpakqLjLk
216
∑d
j,k=1 aijaikajlajmajnakpakqLiLk,
up to a swift of j with k and a permutation of the set {l, m, n, p, q}. The derivative
∂6Qi31/∂Xl∂Xm∂Xn∂Xp∂Xq∂Xr is a sum of terms of one of the following forms
216
d∑
j,k=1
aijaikailajmajnajpakqakrLk, 216
d∑
j,k=1
aijaikajlajmajnakpakqakrLi,
up to a swift of j with k and a permutation of the set {l, m, n, p, q, r}. The derivative
∂7Qi31/∂Xl∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs is a sum of terms of the following form
216
d∑
j,k=1
aijaikailajmajnajpakqakraks,
up to a swift of j with k and a permutation of the set {l, m, n, p, q, r, s}.
We compute now the derivatives of Qi32.
∂Qi32
∂Xm
= 18
∑
j,k,l
(aijaikailajmL
2
jL
3
kL
3
l + aijaikailakmL
3
jL
2
kL
3
l + aijaikailalmL
3
jL
3
kL
2
l )
The derivative ∂2Qi32/∂Xm∂Xn is a sum of terms of one of the following forms
36
∑
j,k,l
aijaikailajmajnLjL
3
kL
3
l , 54
∑
j,k,l
aijaikailajmaknL
2
jL
2
kL
3
l
up to a permutation of the set {j, k, l} and a permutation of the set {m,n}. The
derivative ∂3Qi32/∂Xm∂Xn∂Xp is a sum of terms of one of the following forms
36
∑
j,k,l aijaikailajmajnajpL
3
kL
3
l , 108
∑
j,k,l aijaikailajmajnakpLjL
2
kL
3
l
162
∑
j,k,l aijaikailajmaknalpL
2
jL
2
kL
2
l ,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p}. The
derivative ∂4Qi32/∂Xm∂Xn∂Xp∂Xq is a sum of terms of one of the following forms
11
108
∑
j,k,l aijaikailajmajnajpakqL
2
kL
3
l , 216
∑
j,k,l aijaikailajmajnakpakqLjLkL
3
l
324
∑
j,k,l aijaikailajmajnakpalqLjL
2
kL
2
l ,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q}. The
derivative ∂5Qi32/∂Xm∂Xn∂Xp∂Xq∂Xr is a sum of terms of one of the following forms
216
∑
j,k,l aijaikailajmajnajpakqakrLkL
3
l , 324
∑
j,k,l aijaikailajmajnajpakqalqL
2
kL
2
l
648
∑
j,k,l aijaikailajmajnakpakqalrLjLkL
2
l ,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r}. The
derivative ∂6Qi32/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs is a sum of terms of one of the following
forms
216
∑
j,k,l aijaikailajmajnajpakqakraksL
3
l , 648
∑
j,k,l aijaikailajmajnajpakqalqaksLkL
2
l
1296
∑
j,k,l aijaikailajmajnakpakqalralsLjLkLl,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s}. The
derivative ∂7Qi32/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt is a sum of terms of one of the following
forms
648
∑
j,k,l
aijaikailajmajnajpakqakraksaltL
2
l , 1296
∑
j,k,l
aijaikailajmajnajpakqalqaksaltLkLl
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s, t}.
The derivative ∂8Qi32/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu is a sum of terms of the form
1296
∑
j,k,l
aijaikailajmajnajpakqakraksaltaluLl,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s, t, u}.
The derivative ∂9Qi32/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu∂Xv is a sum of terms of the
form
1296
∑
j,k,l
aijaikailajmajnajpakqakraksaltalualv,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s, t, u, v}.
We compute now the homogeneous summands of P i4.
Using (3),
Qi41 =
d∑
l=1
∂Qi31
∂Xl
Hl =
d∑
j,k,l=1
6aijaikailL
3
jL
3
kL
3
l .
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Using (3), (4) and (5), we obtain
Qi4j = 0, ∀j = 2, . . . , 10.
We have then
P i4 = Q
i
41 =
d∑
j,k,l=1
6aijaikailL
3
jL
3
kL
3
l ,
hence P i4 is a homogeneous polynomial of degree 9. The expression obtained for P
i
4 gives
P i5 =
9∑
j=1
Qi5j with degQ
i
5j = 2j + 9.
In order to determine P i5 we compute the derivatives of Q
i
41.
∂Qi41
∂Xm
= 18
d∑
j,k,l=1
(aijaikailajmL
2
jL
3
kL
3
l + aijaikailakmL
3
jL
2
kL
3
l + aijaikailalmL
3
jL
3
kL
2
l ).
The derivative ∂2Qi41/∂Xm∂Xn is a sum of terms of one of the following forms
36
d∑
j,k,l=1
aijaikailajmajnLjL
3
kL
3
l , 54
d∑
j,k,l=1
aijaikailajmaknL
2
jL
2
kL
3
l ,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n}. The
derivative ∂3Qi41/∂Xm∂Xn∂Xp is a sum of terms of one of the following forms
36
∑d
j,k,l=1 aijaikailajmajnajpL
3
kL
3
l , 108
∑d
j,k,l=1 aijaikailajmajnakpLjL
2
kL
3
l ,
162
∑d
j,k,l=1 aijaikailajmaknalpL
2
jL
2
kL
2
l ,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p}. The
derivative ∂4Qi41/∂Xm∂Xn∂Xp∂Xq is a sum of terms of one of the following forms
108
∑d
j,k,l=1 aijaikailajmajnajpakqL
2
kL
3
l , 216
∑d
j,k,l=1 aijaikailajmajnakpakqLjLkL
3
l ,
324
∑d
j,k,l=1 aijaikailajmaknalpajqLjL
2
kL
2
l ,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q}. The
derivative ∂5Qi41/∂Xm∂Xn∂Xp∂Xq∂Xr is a sum of terms of one of the following forms
216
∑d
j,k,l=1 aijaikailajmajnajpakqakrLkL
3
l , 324
∑d
j,k,l=1 aijaikailajmajnajpakqalrL
2
kL
2
l ,
648
∑d
j,k,l=1 aijaikailajmajnakpakqalrLjLkL
2
l ,
13
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r}. The
derivative ∂6Qi41/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs is a sum of terms of one of the following
forms
648
∑d
j,k,l=1 aijaikailajmajnajpakqakralsLkL
2
l , 216
∑d
j,k,l=1 aijaikailajmajnajpakqakraksL
3
l ,
1296
∑d
j,k,l=1 aijaikailajmajnakpakqalralsLjLkLl,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s}. The
derivative ∂7Qi41/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt is a sum of terms of one of the following
forms
648
d∑
j,k,l=1
aijaikailajmajnajpakqakralsaktL
2
l , 1296
d∑
j,k,l=1
aijaikailajmajnajpakqakralsaltLkLl,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s, t}.
The derivative ∂8Qi41/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu is a sum of terms of the follow-
ing form
1296
d∑
j,k,l=1
aijaikailajmajnajpakqakralsaktaluLl,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s, t, u}.
The derivative ∂9Qi41/∂Xm∂Xn∂Xp∂Xq∂Xr∂Xs∂Xt∂Xu∂Xv is a sum of terms of the
following form
1296
d∑
j,k,l=1
aijaikailajmajnajpakqakralsaktalualv,
up to a permutation of the set {j, k, l} and a permutation of the set {m,n, p, q, r, s, t, u, v}.
We have
Qi5j =
1
j!
d∑
n1,...,nj=1
∂jQi41
∂Xn1 . . . ∂Xnj
Hn1 . . . Hnj
and, using again (3), (4), (5), we obtain
Qi5j = 0, for all j,
hence P i5 = 0, for all i = 1 . . . , d, as wanted. ✷
The following example shows that the result in Proposition 4 is optimal, in the sense
that, under the hypothesis (JH)3 = 0, we may not expect that the first zero term in
the sequence (P ij ) comes before the fifth for all i = 1, . . . , d.
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Example 5. We consider the polynomial map F as in Theorem 3 with d = 5 and
L1(X1, X2, X3, X4, X5) = a2X2 + a3X3 + a4X4 + a5X5
L2(X1, X2, X3, X4, X5) = b3X3 + b4X4 + b5X5
L3(X1, X2, X3, X4, X5 = 0
L4(X1, X2, X3, X4, X5) = 0
L5(X1, X2, X3, X4, X5) = 0
with a2, a3, a4, a5, b3, b4, b5 complex parameters. We may check that the Jacobian matrix
JH is nilpotent of degree 3. By computing the sequences of polynomials P i1, we obtain
P 12 = 3a2L
2
1L
3
2 + 3a
2
2L1L
6
2 + a
3
2L
9
2
P 13 = 6a
2
2L1L
6
2 + 6a
3
2L
9
2
P 14 = 6a
3
2L
9
2
P 15 = 0
Clearly, P 22 = 0 and P
3
1 = P
4
1 = P
5
1 = 0. Then, choosing such an F with a2 6= 0 and
L2 not identically zero, we obtain an example of a polynomial map F such that the
Jacobian matrix JH is nilpotent of degree 3 and at least one P i4 is not zero. Hence the
inverse map F−1 has degree equal to 9. The map G = F−1 is given by

G1(Y ) = Y1 − L1(Y )
3 + 3a2L1(Y )
2L2(Y )
3 − 3a22L1(Y )L2(Y )
6 + a32L2(Y )
9
G2(Y ) = Y2 − L2(Y )
3
G3(Y ) = Y3
G4(Y ) = Y4
G5(Y ) = Y5
where Y := (Y1, Y2, Y3, Y4, Y5).
The result obtained in Theorem 3 leads us to formulate the following conjecture.
Conjecture 6. Let F : Kd → Kd be a polynomial map of the form
F1(X1, . . . , Xd) = X1 +H1(X1, . . . , Xd)
F2(X1, . . . , Xd) = X2 +H2(X1, . . . , Xd)
...
Fd(X1, . . . , Xd) = Xd +Hd(X1, . . . , Xd),
where Hi(X1, . . . , Xd) = Li(X1, . . . , Xd)
3 and Li(X1, . . . , Xd) = ai1X1 + · · · + aidXd,
1 ≤ i ≤ d. We consider the Jacobian matrix JH of H := (H1, . . . , Hd). For each
i = 1, . . . , d, we consider the polynomial sequence (P ij ) defined in the following way
P i0(X1, . . . , Xd) = Xi,
P i1(X1, . . . , Xd) = Hi,
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and, assuming P ij−1 is defined,
P ij (X1, . . . , Xd) = P
i
j−1(F1, . . . , Fd)− P
i
j−1(X1, . . . , Xd).
Let g be an integer, 1 ≤ g ≤ d. If (JH)g = 0, then P i(3g−1+1)/2 = 0, for all i =
1, . . . , d, F is invertible and the inverse of F has maximal degree at most equal to 3g−1.
Remark 7. By Theorem 2, the condition P i(3g−1+1)/2 = 0, for all i = 1, . . . , d, implies
that F is invertible. Since, for F as in Conjecture 6, det(JF ) = 1 implies (JH)d = 0,
and taking into account Proposition 1, Conjecture 6 implies the Jacobian conjecture for
complex polynomial maps.
Remark 8. Conjecture 6 is true for
1) g = 1: since Hi is homogeneous, JH = 0 implies H = 0, hence P
i
1 = 0, ∀i = 1, . . . , d
and F = Id.
2) g = 2: if (JH)2 = 0, we have
∑d
j=1
∂Hi
∂Xj
∂Hj
∂Xk
= 0, ∀ i, k = 1, . . . , d. Multiplying by
Xk and summing up from k = 1 to d, we obtain
∑d
j=1
∂Hi
∂Xj
Hj = 0, ∀ i. Then F is a
quasi-translation, P i2 = 0, for all i = 1, . . . , d, and F
−1 = X −H (see [1] Proposition
9).
3) g = 3: this is Proposition 4.
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